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Abstract

A new computational method, the immersed boundary-lattice Boltzmann method, is presented. This method is a
combination and utilizes the most desirable features of the lattice Boltzmann and the immersed boundary methods. The
method uses a regular Eulerian grid for the flow domain and a Lagrangian grid to follow particles that are contained in
the flow field. The rigid body conditions for the fluid and the particles are enforced by a penalty method, which assumes
that the particle boundary is deformable with a high stiffness constant. The velocity field of the fluid and particles is
solved by adding a force density term into the lattice Boltzmann equation. This novel method preserves the advantages
of LBM in tracking a group of particles and, at the same time, provides an alternative and better approach to treating
the solid—fluid boundary conditions. The method also solves the problems of fluctuation of the forces and velocities on
the particles when the “bounce-back” boundary conditions are applied. This method enables one to simulate problems
with particle deformation and fluid—structure deformation. Its results are validated by comparison with results from
other methods.
© 2003 Elsevier Inc. All rights reserved.

1. Introduction

The particle—fluid interaction problem has widely varying applications in the fields of chemical, aero-
space and environmental engineering as well as in geology and biology. Applications ranging from the
transport of radionuclides by sedimentary particles in aquatic environments, to fluidized bed reactors, to
droplet formation and combustion depend on our knowledge of the parameters that govern the interactions
of particles and fluids. Because of the importance of these applications, the fluid—particles interaction
problems have been attracting considerable attention, both experimentally and numerically.

Conventional numerical methods, such as the finite volume method (FVM) and finite element method
(FEM), have limited success in the simulations of particulate flows with a high number of particles,
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especially in three-dimensional simulations. The main obstacle with these methods is the need to generate
new, geometrically adapted grids, which is a very time-consuming task especially in three-dimensional
flows. Methods such as Stokesian dynamics (SD) that was developed by Brady and Bossis [1] and the
boundary element method (BEM) have been used successfully to simulate particulate flows at creeping flow
conditions. However, both of these methods are very complicated to code and are only valid at low
Reynolds numbers. Moreover, it is extremely difficult to extend the SD method to non-spherical particles or
flow systems with a boundary. More recently, a new method, PHYSALIS, has been proposed by Zhang
and Prosperetti [21]. This method incorporates the analytical solutions for the region near the particle
surface, with some parameters determined by matching the outer flow conditions. The method requires the
existence of analytical solutions for the particles, which are normally given for particles with simple shapes
and very low Reynolds numbers.

In the early 1990, Ladd [13,14] successfully applied the lattice Boltzmann method (LBM) to particle—
fluid suspensions. Since then the LBM has proven to be a robust and efficient method to simulate par-
ticulate flows with a large number of particles [5,6,15]. The LBM overcame the limitations of the
conventional Finite Volume and Finite Element Methods by using a fixed, non-adaptive (Eulerian) grid
system to represent the flow field. Because the LBM does not require re-meshing, it is easier to code and has
proven to be more efficient computationally.

When the LBM is used to simulate particle—fluid interaction problems, the no-slip condition on the
particle-fluid interface is treated by the bounce-back rule [14] and the particle surface is represented by the
so-called boundary nodes, which are essentially a set of the mid-points of the links between two fixed grids.
One of the boundary nodes is within the fluid domain and the other is within the solid domain. This ar-
rangement makes it necessary to use a large number of lattice grids for the particles if one is to represent
accurately their physical boundaries. Also, the finite number of boundary nodes makes necessary the step-
wise representation of the particle boundary. This causes fluctuations on the computation of forces on the
particle and limits the ability of LBM to solve particle-fluid interaction problems at high Reynolds
numbers. When a particle moves, its computational boundary will vary and this also causes fluctuations in
the resulting computation of forces and velocities of the particle.

In the 1970s, Peskin [19] developed a novel numerical method called the immersed boundary method in
order to model the flow of blood in the heart. Such a flow is regulated by heart valves, which are moving
boundaries immersed in the fluid (blood). This method uses a fixed Cartesian mesh for the fluid. However,
for the boundaries that are immersed in the fluid, the method uses a set of boundary points, which may be
advected by the fluid interaction. This method is especially suitable for the simulation of the deformation of
immersed boundaries by fluid—structure interaction, and it has been widely used in biological fluid dy-
namics. Fogelson and Peskin [7] have showed that this method could also be employed to simulate flows
with suspended particles. Hofler and Schwarzer [12] presented a finite-difference method for particle-laden
flows by adding a constraint force into the Navier—Stokes equations to enforce particle rigid motions.

The basic idea of the immersed boundary method (IBM) as applied to particulate flows is to treat the
particle boundary as deformable, but with high stiffness. A small distortion of the particle boundary will
yield a force that tends to restore the particle into its original shape. The balances of such forces, together
with the other external forces exerted on the particle, are distributed into the Eulerian nodes of the grid and
the Navier-Stokes equations with a body force are solved over the whole fluid—particles domain.

The concept of IBM has been employed into the FEM. Glowinski and his colleagues [10,11,17,18] have
developed the fictitious domain method (FDM) by using Lagrange multipliers to enforce the no-slip
boundary conditions between particle surfaces and fluid. They were able to apply this method in order to
simulate a flow system with 1024 spherical particles [11].

In this study we have adopted the same approach of the IBM to simulate the rigid particle motion by
using the LBM in order to solve for the fluid flow. The key point of the success of both LBM and IBM is
that instead of re-meshing the fluid domain, both methods use a fixed mesh to represent the fluid field. In
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the LBM, the moving boundaries are approximated by fixed points on the grid (these are actually the
midpoints of the boundary links if the bounce-back rule is used to implement the no-slip boundary con-
dition), that is, the moving boundaries are described by Eulerian points. In the IBM, the moving bound-
aries are represented by a set of boundary nodes, which are moving with the fluid, that is, the moving
boundaries are described by Lagrangian points. This combined method may be called immersed boundary-
lattice Boltzmann method (IB-LBM). We use the lattice grid for the fluid flow field, and use the boundary
points to represent particle surfaces. The rigid body condition is approximated by considering the particle
boundary to be a shell with high stiffness. Any small deformation on this shell results in a large force that
restores the particle boundary into its original shape. The deformation is calculated by comparing the
boundary point (tracer) and the reference point (mark) that undergoes rigid body motions with particles.
Hence, a lattice Boltzmann equation with body forces is solved to obtain the fluid velocity.

In the first part of our paper, we give a general description of the proposed novel method, IB-LBM, and
the collision rule we use. To validate the method, we present the simulation of the migration of a neutrally
buoyant particle in a simple shear flow and compare the results with results obtained by others using the
FEM and the LBM. Subsequently, we solve the problem of the flow of two interacting circular particles
settling in a channel, the so-called drafting—kissing-tumbling (DKT) problem, and provide an extensive
analysis of the parameters used in the IB-LBM. Finally, we apply this method to simulate the sedimentation
of a large number of circular particles in an enclosure.

2. Numerical method
2.1. A description of the IB-LBM

The LBM has been developed from the lattice-gas automata [8,9], and its application to the motion of
solid particles suspended in a fluid was first introduced by Ladd [13,14]. Since then, the LBM has been
employed by many researchers and it has been proven to be a robust method for the solution of particle—
fluid interaction problems [5,6,15].

The LBM uses a regular grid and decomposes the fluid domain into a set of lattice nodes. The fluid is
modeled as a group of fluid particles that are only allowed to move between lattice nodes or stay at rest. The
composition of the lattice nodes depends on the chosen lattice model. The most common lattice model for
two-dimensional simulations is the one using a square lattice with nine discrete velocity directions, while the
model for three-dimensional simulations uses a cubic lattice with fifteen discrete velocity directions [5].

The motion of fluid particles is described by the discrete lattice-Boltzmann equation, which is

1
Hoi(X 4 iyt + 1) — noi(X,1) = —— [nm»(x, 0 —n9(x,1)], (1)
T

where nfg) (x,¢) is the equilibrium distribution function, 7 is the relaxation time, and ¢ is the lattice simu-
lation time. The notation for the subscripts are as follows: ¢ = 1 corresponds to the fluid particles moving
to their four nearest neighbors along the axial directions; i = 1-4 represents these neighboring particles.
The value ¢ = 2 signifies that the fluid particles move to their second nearest neighbors along the diagonal
directions, with i = 5, 6, 7 and 8 representing these neighbors. Finally, ¢ = 0 and i = 0 correspond to fluid
particles being at rest.

The equilibrium distribution function, n?,(x, 7), which is determined by the local velocity at a lattice node
only, may be written as follows:

n® (x,8) = pw; |1+ 3(eyi - u) + Aeg - u)’ +3(u-u) |, ()
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where the values of the weights are: wy =4/9, wy = w; = ws =w; = 1/9, and w, = wy = ws = wg = 1/36.
The vectorial function u = u(x, ¢) is the velocity at the lattice node and e, is the vector that represents the
nine directions mentioned above.

The relaxation time, 7, is related to the kinematic viscosity of the fluid by the following expression:

v=(2t-1)/6. (3)

The values for the relaxation time chosen in the simulations render the viscosity of the fluid equal to the
viscosity of pure water. The choice of the viscosity also affects the time step of the computations through
the following relationship:

At = (Av)~, (4)
where Ax is the physical grid size and v, is the physical fluid kinematic viscosity.
The application of Egs. (1) and (2) in incompressible flows results in a computational error, which is
proportional to the square of a Mach number, Ma?, defined as follows [13]:

y U. U.Ax <2r —1 )
a = = ,
Ax/V3At v\ 2V/3

where U, is the characteristic velocity of the actual flow. Hence, one of the criteria for the choice of the
relaxation time to be is ensure that Ma < 1. The numerical choice of 7 in the simulations always satisfies
Ma<0.1.

At each node of the lattice, the density and momentum can be written in terms of the distribution
function, n,(x,?):

p(x,1) = Zn,,,-(x, ) (6)

(5)

and

p(x,tHu = 2:}1(”4()(7 t)e,;. (7)

a,i

In order to numerically simulate the hydrodynamic interactions between the solid particles and the fluid,
the LBM must be modified to incorporate the boundary conditions imposed on the fluid by the solid
particles. This represents the greatest challenge of using the method in the solution of fluid—particle in-
teraction problems. The technique available to deal with the solid—fluid boundary condition is to apply the
so-called bounce-back rule [13,14], or one of the modified versions that emanate from this rule [15].

Given that the particles are spherical or circular and the lattice nodes rectangular, the boundary surfaces
of the particles intercept several lattice links that connect the nodes of the flow field between those within
the fluid and those within the particles. These boundary nodes are defined as the midpoints along the in-
tercepted links and their set approximates the particle surface. Obviously, in order to have a more accurate
representation of the shape of a particle, the dimension of the particles must be considerably larger than the
dimension of the lattice and this necessitates a large number of the lattice grid points. Under these con-
ditions, the no-slip boundary condition on the surface of the moving particles is satisfied by the requirement
that the fluid velocity has the same value at the boundary nodes as the particle velocity. It must be em-
phasized that the definition of the boundary nodes in the LBM and the IBM is different: in the IBM the
boundary node is a Lagrangian node, which is attached to a moving fiber or particle.

In order to account for the momentum exchange when the particle relative velocity is not zero, a fluid
particles collision function is used, which is given by the following equation:
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nor (X, t + 1) = ngi(X, 1) — 2wa(ey; - Up), (8)

where x is the position of the node adjacent to the solid-surface, U, is the velocity of the boundary node, o7’
denotes the direction opposite to the incident direction i (oftentimes called the “reflection direction’), and
t* is the post-collision time. Hence, the hydrodynamic force exerted on the solid particle at the boundary
node is given by the following expression:

F(X + %eaiy t) = 2e4i[foi(X, 1) — 2wa(Uy - €57)]. ®)

The total force F, and torque T, on the solid particles can be obtained by summing all the forces and
torques, respectively. Once the forces on the particles are calculated, both the translational and rotational
velocities of the particles are updated explicitly. However, the solid particle moves in a continuous way,
based on Newtonian dynamics. The position of the solid particle is then updated.

In the application of the LBM the distortion between the simulation boundary and the physical
boundary of a particle depends on the particle size when it is given in terms of lattice units. If the diameter
of the particle is composed of a large number of lattice units, the boundary is smooth and the computation
of the hydrodynamic force is accurate. On the contrary, in the case where the particle diameter corresponds
to only a few lattice units, the particle outline is rough and an effective hydrodynamic radius, instead of the
physical radius, is needed for more accurate computations. The effective radius can be determined nu-
merically from simulations of the flow around an isolated particle and subsequent comparison of the drag
force between the numerical results and a known analytical solution [14]. The drawback of this method is
that most analytical solutions are only valid at very low Reynolds numbers and that there are cases, such as
particles moving in a pressure-driven flow, where no accurate analytical solutions are available [16]. In
addition, the treatment of the solid—fluid boundary by the bounce-back rule causes fluctuations on the
calculated forces on the particles and sometimes fails to work at high Reynolds numbers because of the
distortion that occurs near the particle boundary.

In order to demonstrate the above, we consider a particle of diameter 7 lattice units at two different times
t; and t,, as illustrated in Fig. 1. The dark solid line is the physical boundary of the particle, and the thick
curves composed by the boundary nodes are the computational boundary based on bounce-back rules of
the LBM. It is obvious that the two computational boundaries differ at time ¢, and #,, and this has an effect
on the computed forces and velocities. This is an inherent drawback of the LBM when applied to particle—
fluid interaction problems and, for this reason, one has to use a finer grid to minimize such fluctuations.

A drawback with the conventional LBM when it is applied to a large number of particles is that it uses
regular nodes to represent the particle surface, as the particles move inside the fluid. One may resolve this
problem by using a set of independent nodes that are attached to the boundary in order to represent the
particle surface. That is, instead of using the Eulerian nodes that are set for the fluid domain, the particle

g
1=

=t t=t,

Fig. 1. Particle computational boundaries at two times, # and 2.
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boundary may be represented by a set of Lagrangian points that are advected by the fluid. This is the basic
concept of the IBM or FDM.

In this paper, we introduce this concept of IBM into the LBM in order to simulate particle and fluid
interaction problems. By doing this, we are able to use the advantages of both the LBM and the IBM. This
new method, called the immersed boundary-lattice Boltzmann method, or IB-LBM, apart from being an
improvement to the regular LBM may also be used to solve problems with particle deformation, which
cannot be handled with the traditional LBM.

For the development of the IB-LBM concept, we consider a flexible fiber or particle with a boundary
curve, I, immersed in a two-dimensional incompressible viscous fluid with a domain, Q. The fiber
boundary, I, is represented by the Lagrangian parametric coordinates, s, and the flow domain, Q, is
represented by the Eulerian coordinates x. Hence, any position on the fiber or particle may be written as
x = X(s, ). Let F(s, ¢) and f(x, ¢) represent the fiber force density and the fluid body force density. The fiber
force on each boundary node is the combination of the internal link forces and the external forces, such as
the gravity force, and the inter-particle force. The internal link force is a function of the boundary de-
formation. For elastic materials, it is given by a generalized form of Hooke’s law.

In order to satisfy the no-slip boundary condition on the particle—fluid interface, the velocity on the fiber/
particle must be the same as its neighboring fluid velocity, that is, we must have the condition:

0X(s, 1)
ot

= u(X(s, 1), 1), (10)

where u is the fluid velocity.
Hence, we may write the governing equations for the fluid-fiber composite as follows:

p(%—l—u-Vu)—quu—Vanf, (11)

V.ou=0, (12)

f(x,1) = /FF(s,t)é(x —X(s, ))ds, (13)
and

5= [utx00x — X(s.0)dx, (14)

where p(x, ) is the fluid pressure, p is the fluid density, and p the fluid viscosity.

Eqgs. (11) and (12) are the Navier—Stokes equations of a viscous incompressible flow. Eq. (13) states that
the force density of the fluid, f(x, ¢), is obtained from the immersed boundary force density, F(s, ), through
the integration over the immersed boundary. Eq. (14) is essentially the no-slip condition at the interface,
since the fiber/particle moves at the same velocity as the neighboring fluid.

In the numerical scheme of IBM, the whole fluid domain including the parts that are occupied by im-
mersed bodies, such as particles, is divided into a set of fixed lattice nodes. Since these fluid nodes are not
moving with the flow, we will call them Eulerian nodes. The immersed boundary is discretized into a group
of boundary points that move under the action of the moving fluid. We will call these boundary nodes
Lagrangian nodes. It must be pointed out that in the IBM the Lagrangian nodes do not necessarily coincide
with the Eulerian nodes.
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To employ the IBM concept within the LBM context, the LBM should be able provide a solution for the
Navier—Stokes equations with an external force term. Thus, in order to be able to solve the fluid field with
body force f(x,¢) included, Eq. (1) should be modified accordingly. There are several ways to include the
contribution of an external force into the lattice Boltzmann equation that were reviewed by Buick and
Greated [4]. In this paper, the external force is introduced by adding a term to the collision function. This
modifies the distribution function and the Boltzmann equation as follows:

1 3
Moi(X + € 4+ 1) = (X, 1) = = [nm-(x, 0 —n9x,0)] + Swif - e (15)

In order to implement the rigid body motion of a particle in a fluid, Fogelson and Peskin [7] considered
the particle boundary as an elastic fiber with high stiffness. Hofler and Schwarzer [12] applied the “marker
technique” to simulate the interaction of fluid and rigid particles. We basically employ the same approach,
which may be summarized as follows: for each particle, there is a template that is undergoing a rigid body
motion consisting of the reference nodes. Before the particle deforms, the reference nodes are coincident
with the particle boundary nodes and, hence, the template represents the particle. Once the particle has
deformed, because of the particle—fluid interaction, the particle boundary nodes are compared to the ref-
erence nodes. Any distortion between the boundary nodes and reference nodes causes an elastic restoration
force on the particle boundary node. This approach is shown schematically in Fig. 2. It must be pointed out
that this figure is only a schematic diagram and that, in the actual simulations, the distortion is much
smaller. Most importantly, the template undergoes a rigid body motion consistent with the particle’s
translational and rotational velocities. Therefore, the motion of the reference nodes is caused only by the
translational and rotational movement of the template, which coincides with the particle.

In order to model this description of the physical surface of the particle, we consider a system with N
physical particles. At time 7, we assume that the center of the ith particle is at x;(¢), and the instantaneous
particle rotational matrix in R,(#). The position of a reference point j in a Lagrangian coordinate system
with respect to the particle i may be determined using the following formula:

x; (1) = x,(t) + Ry(1)[x,(0) — x,(0)]. (16)
The boundary point x;; corresponding to the reference point xj; is allowed to be slightly deformed by the
fluid. However, when the reference point and the boundary point are not at the same position, that is, when
the displacement §;; = x;; — X]; is not zero, a restoration force is developed to restore the boundary point

Fig. 2. A particle boundary connected by M boundary points. The dashed lines represent the links between the reference points.
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back to the reference point. This restoration force, which is due to the displacement between the reference
point and the boundary point, is modeled by a linear spring relation:

Fij = —k&;, (17
where £ is the spring constant. We can also write the restoration force as follows:
0, ||€tj|| =0,
Fi' = Cij f,,‘ 18
TR "

The parameter c;; is the force scale factor and ¢4 is the stiffness scale factor for particle deformation. It must
be noted that the spring constant is proportional to the inverse of &;. The actual value of & used in the
simulations should make the particle surface stiff enough for the displacement to be small but not large
enough that would affect the convergence of the computations. Our simulations results have found that
there is no significant effect to the simulation results by choosing different values for the stiffness scale factor
&q as long as the particle deformation is small. This type of “penalty method” has also been used by Fo-
gelson and Peskin [7] and Hofler and Schwarzer [12]. Hofler and Schwarzer [12] have included a discussion
on their choice of values for the sprint constant & that used in their simulations. It must also be pointed out
that if someone wishes to include a damping term with Eq. (17), the computational method will accom-
modate the term.

For the problems of particle sedimentations considered in this paper as well as for most particulate flow
applications, the buoyancy force is a reasonable choice for the scaling force. Therefore:

iy = pr(o — 1)k, (19)

where 75 is the volume of the particle and g is the gravitational acceleration. In a more general case of
particulate flows, the scaling force is user-defined and should be of the order of magnitude of the char-
acteristic force for the process acting on one particle. Electric and magnetic forces are such examples of
forces. In most cases, however, the gravitational force would be a good approximation or choice of this
force.

If we assume that the boundary surface is divided into M equal boundary segments and the average
deformation ratio of each segment is ¢, the total magnitude of the force due to the deformation of the
particle surface segments should be comparable to the characteristic force:

Mﬁg ~ C()C,-,'7 (20)
&d X

where C, is a dimensionless constant and should in the order of 1. The stiffness scale factor ¢ may be
written as follows:

Me

& = —.
G

(1)

The sensitivity of the stiffness scale factor ¢ to the final results will be presented later.

It must be pointed out that the distortion between the physical boundary and the deformed boundary is
very small. For example, if we consider a circular particle with radius ¢ and M boundary nodes, the length
of each segment is equal to 2ma/M. With a segment deformation ratio &, the distortion between the de-
formed segment (the segment connected by the two neighboring reference nodes) and the original segment
is equal to (2mne/M)a. In the case M = 160 and ¢ = 2.5%, the actual distortion of a segment is only 0.1% of
the particle radius a. In addition, the distance between one boundary node and its corresponding reference
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node is even smaller. Therefore, one may conclude from this that the deformed boundary is very close to the
actual physical boundary of the particle.

The force acting on a node, j, due to the ith particle’s surface consists of an internal force Flnl which is
generated by the displacement of the reference point and the boundary point, and of an external forces Fe’“
which is generated by the physical forces acting on the particle, such as the gravity force and other mter-
particle forces. Fogelson and Peskin [7] introduced another method to compute the internal force implicitly
in order to avoid possible instabilities. However, in the simulations that will be presented we did not ob-
serve any instability and calculated the internal particle forces explicitly by the use of Eq. (18).

According to the marker scheme we employed, the force on each boundary node, which is used to
calculate the fluid force density, is the constrained force and may be obtained from Eq. (13). The Dirac
delta distribution function for Eq. (13) is used to distribute this force on the boundary point x;; into the
nearby Eulerian grid. In an actual implementation of the method, the force density f;;(x) is calculated using
the following discretized expression:

l/ X t ZZF};[DZ/ Xkl( )) (22)

where Dj; is a continuous kernel distribution function that approximates the delta function. The choice of
this function has to meet certain criteria, which were stipulated by Peskin [20]. For the two-dimensional
simulations we choose the following equations:

5<r>={ (1reos (%)), b2, (23)
0, || >2
and

Dy(x — x;;) = (x — x;5)8(y — yy)- (24)

When the IB-LBM is used to simulate the particle motions in the fluid, the force and angular momentum
should be computed in order to determine the particle motion. As mentioned above, the force on a particle
includes both the external forces, such as the gravity/buoyancy force, and the internally developed forces,
such as the particle collision forces, Ff"'. The internal link force in the simulation of the rigid particle motion
is simply the balance force that was mentioned above. Hence, the total force exerted on the ith particle may
be written as follows:

M
F, = (1 - %)Mfg + ) kg, + F (25)
s =1

in which M; is the mass of the ith particle.
The torque on the particle is computed by using the following expression:

T, = Z X; — X;) % k. (26)

Once we have the forces on the particle, the particle motion is determined by solving the following set of
equations:

du; Pr N |
My = (1 p)Mg+Zk§i,+Ff° (27)
s j=1
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and

dw;
i . = Ti7 28
& (28)

and the corresponding initial conditions for U; and w;, are:
Ui(t = 0) = U,‘_]o and (l)i(l‘ = 0) = W;y. (29)

Using these equations, the particle positions are updated by applying an explicit time-integral scheme.

It must be pointed out that the suspended particles move continuously in space and their boundary
points are not confined to the lattice nodes as in the conventional LBM. Instead, once the velocities on these
lattice nodes are calculated, we use the Dirac distribution function to interpolate the fluid velocity to the
boundary points of the particles. In the simulations that follow, the Dirac distribution function given by
Eq. (24) is used in the velocity interpolation scheme.

2.2. Collision technique

In any problem where a large number of particles flow in a confined volume, such as the sedimentation
problem, collisions between particles are unavoidable. In this case it is of paramount importance to employ
a numerical technique to deal with collisions in order to keep the computational particles from penetrating
into each other’s boundaries and the fluid container. Without a collision technique, the computational
particles may overlap, thus violating the behavior of physical particles. There are several collision methods
that are commonly used in particle-fluid interaction problems. One popular approach is to introduce a
repulsive force when the gap between two particles exceeds a given threshold, the so-called safe zone. The
repulsive force may be either a lubrication force [14] or a spring force [12]. The latter allows a small
penetration between two particles and generates a strong repulsive force that pushes the two particles apart.
For the simulation of the sedimentation problem presented here, we choose a collision technique that
applies a repulsive force if the gap between the two particles is less than a given threshold. This extra short-
range repulsive force is added as an external force into the total force that a particle experiences. The
functional form of the repulsive force is as stipulated by Glowinski et al. [11]:

0, IIx; —x;|| >R +R; + ¢,
F) = (30)

N\ 2
o (sl Bt ) (o) = x| <Ry R+

&p < Hxi*xjH

The parameter, c;;, is the force scale as defined above, which is chosen to be the buoyancy force on the
particle for the sedimentation problems; &p is the stiffness parameter for collisions; R; and R; are the radii of
two particles, respectively; and { is the threshold or “safe zone,”” which is specified in advance. Similarly the
repulsive force between a particle and a wall is given by the reflection method as follows:

0, Hxl_XiAjH > 2R, + ¢,
wo_ N2
M (s () el <R Gy

&w

where X;; is the position of a fictitious particle P ;, which is located symmetrically on the other side of the
wall W, and ew is another stiffness parameter. Glowinski et al. [11] provided the justification and an ex-
tensive discussion on how to choose these stiffness scale parameters.

Based on the above set of governing and closure equations, the computational scheme that has been used
for the implementation of the IB-LBM in the particle sedimentation problem may be summarized as
follows:
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(1) Att =t,, the fluid velocity and particle velocity (translational and rotational), together with the particle
position (initial position when ¢ = 0) are known.

(2) The positions of particle reference points are computed using the particle rigid body motion equations.
The velocity on each particle boundary point is obtained through the interpolation of the fluid velocities
on neighboring nodes.

(3) The deformations of the particles’ boundary are calculated and the internal link force on each boundary
point is computed according to Eq. (17).

(4) The collision rule is applied and repulsive forces are added if the gap between two particles or one par-
ticle and a wall is less than the prescribed threshold.

(5) The force on boundary points is transferred into the lattice nodes. The summation of all these trans-
ferred forces yields the body force density.

(6) The flow field is solved using the LBM.

(7) The internal link forces together with the external forces are used to update the translational and ro-
tational velocity of the particles.

(8) The particles’ position is updated.

It must be pointed out that, as in the case of the bounce-back rule that treats the particle—fluid inter-
action in LBM, the rigid body motion inside the particle is not a priori enforced. Therefore, the problem
solved is actually the interaction between a fluid and a solid shell. The shell has the same boundary as the
particle does and carries the total mass of the particle, but the contribution of the particle interior is ig-
nored. It is fortuitous in this case that the effect of the interior fluid is not significant. This was proven by
Ladd [15] who showed that accurate simulations could be carried out with or without considering the
interior fluid.

3. The flow of a neutrally buoyant particle in linear shear flow

We have applied the IB-LBM to investigate the motion of a neutrally buoyant two-dimensional circular
particle moving in a viscous fluid. This problem has been extensively studied by others, notably by Feng et
al. [3] using a finite element method as well as by Feng and Michaelides [5,6] using the LBM. Therefore, the
comparison of the results of the IB-LBM with results from other numerical methods will serve as a vali-
dation of the method.

A schematic diagram of the problem solved is depicted in Fig. 3, and the parameters used in the sim-
ulation are as follows: the radius of the particle « = 10; the gap between two plates H = 80; the plate width
L = 2000; the relaxation time t = 0.6, which yields for the fluid kinematic viscosity in lattice units v = 1,/30;

AY

Fig. 3. Migration of a neutrally buoyant particle in a simple shear flow between two walls.
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Fig. 4. A comparison of the results of this study with results obtained by others using the LBM and FEM.

the spring constant & =2.0. Both upward and downward walls are moving at velocities equal to
Uw/2 = 1/120 in opposite directions. This gives a shear rate for the flow y = 1/4800. Based on this, the
fluid bulk Reynolds number is Re, = UyH/v =40 and the particle Reynolds number Rp =
7 *a*/v=0.625. The particle is initially at the position y, = 0.25H above the bottom wall or halfway
towards the center and is initially at rest. This initial position results in a local slip velocity between the
particle and fluid equal to —0.25Uy. The lateral migration of the particle using the current IB-LBM is
compared with the results from the LBM and the FEM in Fig. 4. It is shown that there is a very good
agreement between the results obtained from the three different numerical methods.

Fig. 5 also shows the two components of the particle translational velocity obtained by the IB-IBM and
LBM. An almost perfect agreement is observed with the results obtained from the two methods. Con-
sidering that now the LBM is a well-established method for the solution of fluid—particle interaction
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Fig. 5. Particle translational velocities calculated by the IB-LBM and LBM.
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problems, the results shown in Figs. 4 and 5 are a validation of the accuracy of the proposed method. It is
also observed in Fig. 5 that the velocities calculated by IB-LBM are smoother than those obtained by LBM.
This is an advantage of the IB-LBM and is due to the absence of variability of the computational boundary,
which was discussed in the previous section and pictorially demonstrated in Fig. 1.

4. Sedimentation of two circular particles in a viscous fluid
4.1. Results by IB-LBM

In order to demonstrate the use of the IB-LBM and further validate its results, we simulated the
sedimentation of two circular particles in a channel and, essentially, replicated the problem solved by
Patankar et al. [18] and Patankar [17] who used the fictitious domain method. The channel is 2-cm wide
(x-direction) and 8-cm high (y-direction). The fluid has the properties of water with viscosity 0.001 g/
cms and density 1 g/cm?®. The particles density is 1.01 g/cm?, and the radii of the particles are 0.1 cm.
Initially, the first particle is 0.001 cm off the channel center at a height of 7.2 cm and the second
particle is at the channel center at a height 6.8 cm. Both particles and fluid are initially at zero velocity.
The two particles start settling in the y-direction, due to the gravity force. It is well known that these
two particles will undergo a motion called “drafting, kissing and tumbling” or DKT, which was first
numerically demonstrated by Feng et al. [2].

For the solution of this problem, we used a computational domain of 200 x 800 lattice units. Each
particle was covered by 20 lattice units and the relaxation time is t = 0.65. Thus, each lattice simulation step
corresponds to 5.0 x 10~* s. The stiffness scale factor ¢ of the boundary was chosen to be 0.25, and 160
boundary nodes were used. The repulsive force was added when the gap between two particles was less than
1 lattice unit and when the gap between one particle and the wall was less than half of one lattice unit. For
the particles collision, the stiffness coefficient ep was 2.0.

Fig. 6 shows the positions of two particles at seven different times. It must be pointed out that the DKT
motion that is observed in Fig. 6 was also observed by Patankar et al. [18] and by Patankar [17] who used
different methods.

The velocity vector maps during several instances of the simulation at times # = 1.5, 2.5, 3.0, and 4.5 s are
presented in Fig. 7, and the instantaneous transverse coordinates of the centers of the two particles are
depicted in Fig. 8.

It must be pointed out that, even though the transverse position of the two particles is the same, the
particles do not overlap because their instantaneous longitudinal positions are different. This is clearly
depicted in Fig. 9, which shows the longitudinal component of the trajectories of the two particles.

Figs. 10 and 11 depict the instantaneous velocity components of the two particles in the transverse and
the longitudinal directions.

It is seen in Figs. 6-11 that initially the first particle (particle 1) trails the other particle (particle 2)
by about 0.4 cm. The two particles keep a steady distance up to about 1 = 0.8 s, when the particles
start to approach closer. At approximately ¢t = 1.4 s, the distance between these two particles is about
one particle diameter, which implies that the inter-particle forces are significant (the “kissing” part of
the motion). At the same time, the centers of the two particles start to slowly deviate from the channel
center and then, the particles completely tumble at time 7= 2.4. During the “tumbling” part of the
process, the two particles move closer to each other, as it is shown by their longitudinal velocity
components in Fig. 11.

It must be pointed out that we also run a simulation with a shorter time step, 2 x 107 s, and found
nearly identical results.
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Initial Posltion, t=0s

Drafting, t=1s

Kissing, t=1.5s

Tumbling, t=2.5s

° o® 00 00 00 0O

Fig. 6. Sedimentation of two circular particles in a channel at different time stages.

Fig. 7. Flow velocity vector maps at: (a) t = 1.5s;(b) 1 =2.5s;(c) t =3.0s; and (d) t =4.5s.

Regarding the parameters used in the collision technique as described by Egs. (30) and (31), we found
that the difference of the computational results is insignificant when we choose the “safe zone” between
the colliding particles to be between 1 and 0.5 lattice units. Also, when the stiffness factor is in the range
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Fig. 9. Longitudinal coordinates of the two centers.

1 < & < 10, the results obtained are almost identical. However, we observed a significant change in the
results when the collision stiffness factor ep was increased drastically from 2 to 50, which is far from
the recommended range. The main effect on the velocities is during the “kissing” and “tumbling” part of
the process. The observed differences are depicted in Fig. 12, where it may be seen that the results obtained
with the very high value of the collision stiffness factor at ¢ > 3 differ significantly.
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Fig. 11. Longitudinal velocity components of the two particles.

4.2. Sensitivity to the surface stiffness scale factor ¢, for the particle boundary

As long as the deformation of the particle is kept small, the results of the proposed method are not
sensitive to the choice of the stiffness scale factor ¢4 of the particle boundary. In order to investigate the
sensitivity of the results on ¢4, we performed computations and simulated the DKT process with several
different values of the stiffness scale factor, &g Besides using the recommended value, ¢ = 0.25, we also
calculated the results at stiffness scale factor ¢4 = 2.5, ¢4 = 0.5, and ¢4 = 0.17, respectively. Fig. 13 shows the
y-components of the particle velocities with these parameters. It is seen that the results at &g = 0.25 and
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Fig. 13. Longitudinal velocities using different stiffness scale &4.

&q = 0.17 are almost identical and there is little difference of the results even when ¢4 < 0.5. However, there
are significant differences when the highest value, ¢4 = 2.5 was used. From the results of Fig. 13, one may
conclude that there is no significant difference in the computation of the velocities of the particles as long as
&4 <0.5. Also, that when the stiffness scale factor is large, &5 = 2.5, the boundaries of the particles become
too soft, the particle deformation becomes significant and affects the flow.

In order to demonstrate that this is due to the deformation of particles, we also computed the maximum
segment deformation ratio of the two particles surface segments during the DKT process for the four cases
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depicted in Fig. 13. The segment deformation ratio is defined as the change of the segment length divided by
its original length. The maximum segment deformation ratio is the maximum value among the entire
particles’ segment deformation ratio and is depicted in Fig. 14. As it can be seen in this figure, the maximum
deformation for the DKT process occurred around ¢ = 1.4 s, which is the time when two particles start the
“kissing” and “‘tumbling” part of the process. The maximum deformation ratio during the entire DKT
process using the four different stiffness scale factors is also presented in Table 1. From this table and
Fig. 14, it is seen that at ¢g = 2.5, the deformation ratio is as large as 5%, and overall, it remains between 3%
and 5%, while in the other cases the deformation ratio is in general below 1%. From this, we may conclude
that in order to achieve satisfactory results, the maximum deformation ratio should be kept less than 2%
and, probably close to 1%.

4.3. Grid size effect

The results obtained in the simulations mentioned in the previous sections were obtained using a
computational domain of 200 x 800, with the diameter of each particle being 20 lattice units, d = 20.
Therefore, the channel has 200 transverse grid points, and the physical grid step is 0.01 cm. To demonstrate
the affect of grid size to the computational results, we use two different grids, while keeping the grid size to
diameter ratio constant. Thus, we use a coarser grid of 100 x 400 with the particle diameter being equal to
10 lattice units as well as a finer grid of 300 x 1200 with the particle diameter being 30 lattice units. We
performed computations with these computational grids and show some of the results of the computations
for the longitudinal velocities in Fig. 15.

Table 1
The maximum deformation ratio among surface segments during entire DKT process for different ¢4
Stiffness scale factor, ¢4 2.50 0.50 0.25 0.17

Maximum deformation ratio (%) 5.1 1.8 1.3 1.0
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It is observed that the results using the 200 x 800 and 300 x 1200 grids are almost identical upto ¢t = 3.5s
and diverge only by a small amount thereafter. Even with the coarser grid of 100 x 400, the results obtained
show good qualitative and quantitative agreement with those obtained using the finer grids.

4.4. Comparison with results of simple LBM

The LBM is now a mature computational method that has been validated by many researchers. To
compare with results from the IB-LBM, we solved the same DKT problem using the simple LBM. In
general, we have found that the CPU time of the IB-LBM and LBM is comparable for this problem. For
example, in this case the LBM took 43 min of CPU time and the IB-LBM took 45 min of CPU time in a
SGI Onyx 3400 machine. Figs. 16 and 17 depict the results of the particle transverse and longitudinal
velocities obtained by these two methods.

As seen in Figs. 16 and 17, the velocities calculated by the two methods agree very well before the
tumbling part of the process. The tumbling process lasts approximately 0.9 s in the IB-LBM computations,
while it in the LBM case it is much shorter and lasts only 0.4 s. Numerical results obtained by others [17,21]
indicate that the tumbling part of the process lasts longer, between 0.8 and 1.1 s. This range includes the
duration of the process obtained by the IB-LBM, a fact that tends to validate the results of the method. It is
believed that this difference is due to the simulations of particles interaction. In this case the particle in-
teraction is the result of instability and the imperfections of the particle surface, which are inherent in the
LBM, tend to accentuate the effects of this instability as also noted by Zhang and Prosperetti [21]. It has
been demonstrated in the previous section that the description of particle boundary is different in the LBM
and IB-LBM and that the latter provides a more accurate approach to handle the smoothness of the
particle boundary. Actually, the results of FDM that will be discussed in the following section also show a
similar tumbling time period as the one calculated by IB-LBM. This is an indication that the IB-LBM treats
the particle boundary better than the LBM does. One may also conclude that for the fluid—particle in-
teraction problems, the actual results are affected considerably by the way each numerical method handles
the particle surfaces and the particles collisions and it is evident that the IB-LBM does a good job in
handling the particle boundary.
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4.5. Comparison with results from FDM

[

621

The whole DKT process obtained by using the IB-LBM agrees qualitatively very well with the results of
the same process obtained by Patankar et al. [18] and Patankar [17]. In order to make a quantitatively
comparison, we plotted the longitudinal velocities obtained by using the IB-LBM (using the 200 x 800 grid)
together with the results obtained from Patankar et al. [18] and Patankar [17] using the FDM. This

comparison is shown in Fig. 18.



622 Z.-G. Feng, E.E. Michaelides | Journal of Computational Physics 195 (2004) 602-628

0.5 — IB-LBM results
OO Patankar et al. (2000)
A--& Patankar (2001)

0.04

-0.5

-1.0

particle longitudinal velocity, v, (cm/s}

-1.5

20 1 [ | L L1 L L P 1 | L1 L1
3

(=]
—
=
Lh

time, t (sec)

Fig. 18. A comparison of the results of this study with those obtained by Patankar et al. [18] and Patankar [17] using the FDM.

Ii is observed that before the two particles start the “kissing and tumbling” part of the process, there is a
very good agreement of the results obtained by the IB-LBM and the those obtained by the other studies.
Thereafter all results diverge by a small amount. However, it is also observed that the results obtained by
Patankar and his colleagues in the two studies also differ quantitatively. Patankar [17] has explained this
apparent disagreement as follows: the tumbling part of the process, which is an instability, is initiated at
slightly different stages in the two simulations and this causes different velocity histories thereafter. This
occurs because the DTK process is unstable and such a problem “is inherent in these simulations, since the
tumbling process is a realization of an instability and can be affected by the accuracy of the solution
procedure and modeling of the collision forces™ [17].

5. Sedimentation of a large number of circular particles in an enclosure

This problem has been studied by Glowinski et al. [10] by using the FDM. The initial setup of the
problem is shown in Fig. 19. A large number (504) of circular particles is enclosed in a closed two-di-
mensional box. The box has 2 cm width and 2 cm height, and the diameter of each one of the circular
particles is d = 0.0625 cm. The fluid density is p; = 1 g/cm?, and the particle-to-fluid density ratio is 1.01.
The fluid kinematic viscosity is 1 g/ms. Because of the large number of particles, the range over which the
repulsive force is enabled is d/16. For the computations, the following values were used for the stiffness
parameters of the collisions: ¢p = 2 and ey = 0.5¢p.

Initially there are 18 lines of particles with each line having 28 particles. The gap between any two
neighboring particles is 2d/16. The gap between the upper wall and the first horizontal line (Line 1) is
6d/16. The gap between the left wall with the leftmost particle in all the odd-numbered horizontal lines,
that is lines 1,3,5,..., is 6d/16. The gap between the left wall with the leftmost particle in all the even
horizontal lines, that is lines 2,4,5,. .., is 4d/16. At time 7 = 0, both the fluid and particles are stationary
with the particles being on top of the fluid.

The simulation box used in the IB-LBM simulations is composed by 512 x 512 lattice nodes and
each particle is covered by 16 nodes. The relaxation time in this case is 7 = 0.9915, and every time step
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Fig. 19. Initial positions of the 504 particles in an enclosure.

corresponds to a physical time of 0.00025 s. The surface stiffness scale factor ¢4 is 0.5. The results of the
simulation of this problem, which is essentially a Rayleigh-Taylor instability, are depicted in several
snapshots in Figs. 20-22. It is seen in Fig. 20 that initially all the particles start settling uniformly. The effect
of the walls in hindering the closest particles is clearly observed in Figs. 21 and 22, leading to the creation of
two eddies close to the sidewalls. When these two eddies run into the sidewalls, each eddy splits into two
smaller eddies, one moving upwards and the second one moving downwards, as depicted in Fig. 23.
Subsequently, the two downward eddies, one at each side of the container, grow and start to pull particles
downwards, as depicted in Fig. 24. At this stage of the process, these two eddies are the dominant features
of the flow in the lower half of the enclosure. They appear to be strong enough to be able to pick up
particles and shoot them upwards, as it can be seen in Fig. 25, which is the snapshot towards the end of the

|
.
|
%

Fig. 20. Positions of the 504 particles at t = 1 s.
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Fig. 21. Position of the 504 particles at =2 s.

Fig. 22. Positions of the 504 particles at time # = 3 s.

process. Figs. 26 and 27 show the final stages of the settling process, when all the particles have settled in the
bottom of the container. There is some “packing” of the particles in the last two stages as it becomes
apparent by looking at the bottom row of the two figures, where two small gaps appear in Fig. 27, even
though the total number of particles on the row is the same in the two cases. These two gaps are an in-
dication of the slow process particle packing, which is expected to conclude the sedimentation process.
The patterns observed in this simulation are very close to the results given in the paper by Glowinski
et al. [10] up to r =3 s. The details of some particles’ positions differ at # > 3 s, but the flow patterns
observed are always the same. The discrepancy is most probably due to the method that accounts for the
instabilities and the collisions of the particles. This is more pronounced at times greater than ¢ = 3 s when
the instabilities and collisions of particles are much more frequent. However, the faithful reproduction of
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Fig. 23. Positions of the 504 particles at time t = 4 s.

Fig. 24. Positions of the 504 particles at t = 5 s.

the details of the process, including the creation and growth of the two eddies at the sides of the container,
is a good indication of the validity and usefulness of the method used for the simulation.

It must be pointed out that the present simulations are mainly conducted on a SGI Onyx 3400 machine
at the Center for Computational Science at Tulane University. In the case of DKT stimulation with
200 x 800 grid, it took 45 min to simulate 5 s physical time by using the IB-LBM. In the case of sedi-
mentation with 504 particles, the time to complete one iteration is about 2.8 s, which results in approxi-
mately 3.1 h computational time to simulate 1 s of physical time.
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Fig. 25. Positions of the 504 particles at time t = 8 s.

Fig. 26. Positions of the 504 particles at time # = 12 s.

6. Conclusions

A new method, called IB-LBM, which combines desired features of the Lattice Boltzmann Method and
the Immersed Boundary Method has been developed. This method utilizes two computational grids, one
for the flow domain, which is Eulerian, and the second for the particles in the flow, which is Lagrangian.
The rigid body conditions are enforced by the penalty method assuming the particle boundary to be de-
formable with a high stiffness constant. The constraint force is calculated through the displacement of the
boundary point (tracer) and reference point (mark). The force density, due to the constraint force, is added
into the lattice Boltzmann equation, and the composite velocity field of the fluid and particles is obtained
after solving the lattice Boltzmann equation. This new method preserves the advantages of LBM in dealing



with multiple particles and also provides an alternative and accurate approach to treating the solid—fluid
boundary conditions. In addition, the IB-LBM is capable to easily simulate flows with deformable particles
and solid-structure deformation problems.

The IB-LBM has been validated by comparing the results of a neutrally buoyant particle migration in a
linear shear flow with FEM and LBM, and by comparing its results with the results from previous sim-
ulations on the DKT process of two circular particles and the sedimentation process of 504 particles in an
enclosure. The simulations have proven that the IB-LBM is a robust method that is capable to solve
particle-fluid interaction problems with a large number of particles. Compared with the traditional LBM,
the IB-LBM provides a more accurate approach than the “bounce-back rule” for the treatment of the
solid—fluid boundary. It is found through our numerical experiments that the intermediate results, such as
particle forces and torques, do not exhibit the initial fluctuations (noise) that are common in the traditional
LBM. As for the efficiency of the computations, the present method falls slightly behind the traditional
LBM, because of the use of a set of Lagangian points on the particle boundary. However, instead of using
step-wise links between lattice nodes, the IB-LBM represents the particle boundary in a smoother way. In
addition, the computational boundaries for the moving particles do not vary in every time-step. This avoids
the fluctuation of the particle forces and velocities that were observed in simulations using the unaltered
LBM. Most importantly, the present method is capable of solving structure-deformation problems that the
traditional LBM cannot do.

Finally, it must be pointed out that even though the simulations presented here are limited to two-di-
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